Abstract-Piezoelectric materials are well recognized for the development of systems and actuators working at the micro/nanoscale such as microsystems. This recognition is thanks to the high resolution, high bandwidth, and high force density that they can offer. However, piezoelectric actuators are typified by low range of displacement relative to other actuators like magnetic or thermal actuators. To obtain the sufficient range of displacement with a piezoelectric actuator, either we use high input voltages or we redesign the actuator to have larger dimensions. The former solution may lead to the destruction of the actuators and the latter is not congruent with the objectives of microsystems where the dimensions should be miniaturized. Furthermore, increasing the dimensions of the actuators reduces their rapidity and bandwidth. This paper proposes an approach based on interval analysis to design piezoelectric actuators with cantilever structures. The aim consists in reducing their dimensions while still satisfying some specified performances in term of output range and in term of resonant frequency (and thus bandwidth). The problem of the design is formulated as a set-inversion problem which can be solved using interval techniques. The obtained results, validated with prototype fabrication and experimental characterization, demonstrate the efficiency and the interests of the proposed method for designing systems and actuators working at the micro/nano-scale in general.
I. INTRODUCTION

I
N TRADITIONAL robotics, robots and systems use joints and (DC) motors as principal elements of motion. However, inherent friction in the articulated mechanisms of these robots strongly limits their use in applications that require high accuracy and high resolution such as microrobotic and micromaniplation applications. Consequently, microrobots are generally designed with active or smart materials and deformable structures instead. The advantage is that the resolu-tion of the yielded displacement is highly increased in these structures as the friction is minimized. Additionally to that, the manufacturing of smaller and miniaturized actuators is easier with smart materials and deformable structures than with dcmotors and classical joints. Piezoelectric materials are one of the most recognized smart materials used to develop microrobots and systems for micro-nano positioning (precise positioning). This recognition is thanks to the high resolution (up to nanometric level), the high bandwidth (up to tens of kiloHertz), and the high force density they can offer. Furthermore, the ease of power supply (electrical energy) makes their use more generalized. Finally, piezoelectric materials can also be used as sensors [1] - [3] or as simultaneous sensors and actuators (called self-sensing) for applications where the integrating external sensors is impossible [4] , [5] . Although the good resolution and the high bandwidth of piezoelectric actuators, one of their limitations is the restricted range of displacement offerred (about 0.1% strain) which is a great disadvantage for some of the aforementionned applications. A technique to overcome this limitation was to employ stepper piezoelectric actuators (stickslip, inch-worm,. . .) [6] - [11] . Stepper piezoelectric actuators are well known to provide a large range of displacements. However, as they result from the assembly of several components, these actuators are more complex to develop and their miniaturization is still limited. Therefore, they are generally employed for tasks that really require very large strokes and where there is enough space to place them. Notable complementary systems to stepper piezoelectric actuators are piezoelectric microgrippers which can perform a fine positioning with a very high resolution and a very high speed [12] - [17] . These microgrippers can be utilized as end effector of the stepper actuators or can work independently [18] , [19] .
A piezoelectric microgripper is generally composed of two piezoelectric actuators that have cantilevered structures called piezocantilevers. Most of the applications utilize one piezocantilever as the displacement actuator, while the second one as the force actuator in order to ensure the precise positioning by controlling the manipulation force [18] , [19] . The design of piezoelectric cantilevered structures devoted to micro/nano positioning, microassembly, and micromanipulation applications has been addressed in the past [20] - [23] . These works proposed methodologies to design optimized compliant mechanisms with piezoelectric actuation in order to obtain maximized displacement. These approaches are efficient but find their limitation when the design should account specifications on the structures or on the dimensions. These approaches yielded complex struc-tures in that case. In this paper, we propose a new approach to design piezoelectric actuators that also account the structures and the dimensions in the specifications. The approach consists in imposing a priori some wanted performances and some constraints on the geometrical dimensions of the actuators. By combining these specifications with the physical model of the actuator, the proposed design problem is formulated as a set-inversion problem which is solvable using interval techniques. The main advantage of the proposed approach is that if a design solution exists, the specified performances are guaranteed. In fact, such guaranteed performances are inherited from the properties of interval tools and techniques that are used to handle and to solve the problem in this paper. The approach permits therefore to find a set of geometrical sizes within a priori given intervals such that the designed actuator satisfies the specified performances. To demonstrate the approach, an illustrative example of design is proposed. The example consists in redesigning an existing piezocantilever actuator into another one which is more optimized. The designed and optimized actuator will have better performances but smaller dimensions relative to the initial actuator. A prototype is fabricated and experimental characterization on this was carried out, which confirmed the theoretical results.
Interval techniques and related arithmetics have been used in several applications in the past, except for the design of mechanical systems which we intend to propose in this study. According to the history, the first apparition of intervals was in 1897 by Archimedes when he tried to compute the lower and the upper bounds of π. Furthermore, the idea of using intervals for calculation was proposed in 1924 by Burkill and in 1931 by Young. But, Interval arithmetics became really popular just after the appearance of the R.E. Moore's book in 1966 [24] . This later provided a general method and some formalization of intervals and related arithmetics with an application of automated error analysis. Nowadays, several applications of intervals are devoted to: 1) guaranteed estimation [25] , [26] ; 2) stability analysis of uncertain systems [27] - [29] ; 3) robust controllers synthesis [30] - [32] . The main interests of intervals and related arithmetics are the simple and natural way to represent parametric uncertainties by just bounding and their ability to predict a guaranteed set of solution (or non-solution) of design or of controllers that will satsify (or not satisfy) some specifications. This paper utilizes these properties to design piezoelectric actuators such that a more optimized structure (in term of geometrical sizes) than an existing actuator will also provide better performances. The approach can be applied to broader types of actuators but the example carried out in this paper is the design of unimorph piezocantilevers. This permits us to show the methodology with an illustrative example.
The paper is organized as follows. Section II is dedicated to brief preliminaries on intervals. In Section III, we give the analytical model of multimorph piezocantilevers by using points (i.e., not intervals). The model of unimorph piezocantilevers is derived in the same section. In Section IV, we introduce interval analysis to describe the design problem of unimorph [24] , [27] piezoelectric actuators. This design problem is formulated as a set-inversion problem and is solved using algorithms and arithmetics of intervals. Finally, Section V is dedicated to a prototype fabrication and experimental verifications.
II. BRIEF PRELIMINARIES ON INTERVALS AND THEIR ARITHMETICS
A. Basic Terms and Concepts on Intervals
More details on the preliminaries given here can be found in [24] , [27] , or [33] .
A closed interval denoted by [x] is the set of real numbers given by
The 
2) Otherwise,
In the latter case, the union of [x] and [y] is also an interval
When [x] ∩ [y] = ∅, the union of the two intervals is not an interval. For that, the interval hull is defined
An interval hull is therefore the result of the union of two nonconnected intervals.
It is verified that [x] ∪ [y] ⊆ [x]∪[y] for any two intervals [x]
and [y].
III. ANALYTICAL (POINTS) MODELS OF PIEZOCANTILEVERS
In this section, we first present the linear static and dynamic models of multimorph piezocantilevers by utilizing the approach of Ballas [34] . From that, we derive the static and dynamic models of unimorph piezocantilevers. These models will be used in the next sections for the design of a new unimorph piezocantilever with smaller sizes and that will be able to provide better performances than an existing unimorph. The choice of studying unimorph piezocantilevers as illustrative example is related to their simplicity of fabrication and their wide use in microsystems. Although, the proposed design methodology can be applied to other types of actuators subjected that their models are available. Piezoelectric materials, in particular piezoelectric ceramics, exhibit nonlinearities (hysteresis and creep). These nonlinearities will not be tackled in this paper. In fact, this paper deals with the design of piezoelectric cantilevered actuators that will be able to achieve some desired performances in term of output range for a given maximal input voltage (static characteristic) and in term of first resonant frequency (dynamic characteristic). The effect of the hysteresis is negligible on such performances because only the extremum values of the output are important to evaluate the range. A linear model is sufficient to understand the maximal furnishable range of deflection, and a more complicated and nonlinear model would not bring additional information. We therefore propose in the paper to use the standard and traditional linear model. In a control point of view however (feedforward of feedback), introducing the nonlinearities in the model is essential in order to achieve other performances like accuracy or stability.
A. Static and Dynamic Models of Multimorph Piezocantilevers
A multimorph, also called a multilayered, piezocantilever is a cantilever made up of several layers. At least, one of these layers is piezoelectric. The piezoelectric layers are called active layers, while the nonpiezoelectric layers are called passive layers. Passive layers also serve as electrodes. When an electric voltage is applied to the piezoelectric layers, the whole cantilever bends. The static and dynamic behavior and models of piezocantilevers have been studied in depth in [34] - [37] . The static behavior is described by the deflection of the piezocantilever versus the applied voltage, while the dynamic behavior mainly concerns the resonant frequencies. In this paper, we adopt the description of multimorph piezocantilevers proposed by Ballas [34] . The main advantage of Ballas's description is that the deflection at any point along the cantilever can be calculated.
Consider a clamped-free multimorph piezocantilever as depicted in Fig. 1 . This piezocantilever is composed of n piezoelectric and passive layers glued themselves. The width and thickness of the ith layer are denoted by w i and h i , respectively, while the total length L of all layers is supposed to be similar.
If U denotes the voltage applied to the piezocantilever, the deflection δ(x) at any point x along the piezocantilever is given by [34] 
where m piezo and C are given as follows:
Parameters s 11,i represent the piezoelectric or passive compliances at a constant electric field, while d 31,i represent the piezoelectric constants. z in (8) represents the distance between the neutral axis and the lower surface of the piezocantilever and is given by
Relation (7) describes the static behavior of the multimorph piezocantilever. The resonant frequency, which describes the dynamics of the actuator, is given by the following expression [34] :
where ρ i is the density of the ith layer and k is a constant that satisfies the following equation:
An analytic solution of (11) is not possible. Numerical solution of (11) 
The subscript m corresponds physically to the number of the appropriate vibratory mode. Table II presents the first five solution kL of (11) [38] , [39] . To summarize, the resonant frequencies associated with the modes of the piezocantilever are obtained by means of the characteristic roots k m L (m = 1, 2, . . .) given in Table II . The resonant frequency of the mth mode is given by
k m L being defined in Table II . Many cases only require the first resonant frequency f 1 (first mode). This first resonant frequency is given by
When the number of piezoelectric layers in a multimorph actuator is high, a high range of deflection can be obtained at low voltage. However, the fabrication of the actuator and the wire connection are complex. For the illustrative example of this paper, we propose to restrict our study to the design of unimorph piezocantilevers, only composed of one passive layer and one piezoelectric layer. This does not take off the possibility to generalize the proposed guaranteed design method for other kinds of piezoelectric actuators, or even for other kinds of actuators.
B. Derivation of the Static and Dynamic Models of Unimorph Piezocantilevers
A unimorph piezocantilever is made up of one active layer and one passive layer (see Fig. 2 ). The length L and width w are the same for both layers. .
(15)
Remark 1: These models show that the static and the dynamics behaviors of the piezocantilevered actuator (unimorph and multimorph) strongly depend on the geometrical sizes and on the physical properties. By using these models, it is possible to find convenients dimensions of the actuators that would satisfy some specified performances in term of range of deflection and in term of resonant frequencies. That will be the aim of the next section.
IV. COMBINING INTERVALS AND THE ANALYTICAL MODEL TO DESIGN PIEZOCANTILEVERS
The previous section was devoted to the modeling of multimorph piezocantilevers with derivation of the models of a unimorph actuator. In this section, we will use these models to design the actuator such that some predefined static and dynamic performances are satisfied. More precisely, the problem consists in finding a set of unimorph with smaller sizes and better performances than a given and existing unimorph. For that, we propose to combine the above analytical models with interval techniques which permits to transform the problem into a set-inversion problem solvable with interval tools. The design is said with guaranteed performances because if a design solution exists, it is guaranteed that the specifications will be reached.
A. General Objective
Consider an existing unimorph actuator A u 1 as pictured in Fig. 3(a) . This unimorph has a length L, a width w, and layers thicknesses h p and h m p . The total thickness is h = h p + h m p . Let δ and f 1 denote the range of deflection obtained with a voltage U and the first resonant frequency of this unimorph. The problem consists in redesigning this actuator into another unimorph A u 2 with smaller dimensions (except for the width) denoted by L d × w × h d (subscript d means desired) and with better performances for the range of deflection δ d and for the first resonant frequency f 1d [see Fig. 3(b) ]. The total thickness h d of the unimorph A u 2 is calculated with the thickness h dp of the active layer (piezoelectric) and the thickness h dm p of the passive layer: h d = h dp + h dm p .
A quick analysis of the models of a unimorph piezocantilever presented in the previous section permits the following remarks:
1) the resonant frequency f m is conversely proportional to the square of its length. Indeed, since k m L is constant [see Table II ), the resonant frequency described by (15) ] becomes proportional to 1 L 2 ; 2) the deflection is directly proportional to the square of its length. In fact, the deflection, which is described by (14) , is proportional to x 2 . Hence, if we are interested on the deflection at the tip of the cantilever, we have δ(x = L) proportional to L 2 . Therefore decreasing the length will yield an increase of the resonant frequency. However, the range of deflection will be reduced. A compensation for this range reduction without disrupting the resonant frequency may be accomplished by some setting on the thicknesses of the piezoelectric and passive layers. Such problem cannot be solved manually but in this paper, this is accounted automatically.
B. Specifications for the Design
Let δ(L) and δ(L d ) be the deflections at the tip of the unimorph actuators A u 1 and A u 2 , respectively. Remind that f 1 and f d1 denote their first resonant frequencies. The specifications for the design consist in finding suitable dimensions (L d , h dp , and h dm p ) of the unimorph A u 2 for which the following requirements hold.
1) The same materials (piezoelectric and passivle) as those of the existing unimorph A u 1 are used for the unimorph A u 2 .
2) The length of the unimorph A u 2 must be smaller than that of the unimorph A u 1 . We choose L d = L α , where α > 1 is a given scalar (α ∈ R).
3) The total thickness of the unimorph A u 2 must be lower or equal to that of the unimorph A u 1 : h d = h dp + h dm p ≤ h = h p + h m p . 4) The deflection at the tip of the unimorph A u 2 must be higher or equal to that of the unimorph A u 1 when the same voltage is applied:
The first resonant frequency of the unimorph A u 2 must be higher or equal to that of the unimorph A u 1 :
From the models in (14) and (15), we see that the width w does not have influence on the range and on the resonant frequencies. This parameter will not therefore be introduced in the design problem. Instead, we will impose the width of A u 2 be equal to the width of A u 1 . The remaining parameters to be sought for are the dimensions L d , h dp , and h dm p .
C. Problem Formulation Using Inequalities
If we fix the parameter α in L d = L α , the number of variables (parameters) to be sought for during the further computation is reduced into two: the thicknesses h dp and h dm p . If required, it is still possible to let L d as also an unknown parameter.
Based on the static and dynamic modeling of unimorph piezocantilevers presented previously, the specifications, requirements and objectives given in Section IV-B can be mathematically transcribed into the following problem.
Problem: Find h dp and h dm p such that
C(h p , h m p ) w(ρ m p h m p + ρ p h p )
h dp + h dm p ≤ h (16) which are equivalent to the following inequalities:
D. Problem Formulation Using Intervals
The set of thickness h d = h dp + h dm p that satisfies the in-
In other words, the thickness of each layer of the unimorph A u 2 (i.e. h dp and h dm p ) is bounded by the total thickness h. This allows us to represent the parameters h dp and h dm p by the intervals [h dp ] and [h dm p ], respectively. When interval parameters are used, the inequalities can be transformed as a system of inclusions. Thus, the design problem defined by inequalities in (17) can be reformulated as follows.
Consider
as a box (vector of intervals) with elements: [h dp ] and [h dm p ]. Let Θ be the set of parameters [h dp ] and [h dm p ] that satisfies the inequalities (17) . So, the problem, when formulated with intervals, consists in finding the suitable values of [θ] such that (18) where D is the domain of definition of θ.
[H](θ) and [Y] are defined as follows:
The problem of finding the set parameter [θ] that ensures (18) is a set-inversion problem and can be solved using interval techniques. The set-inversion operation consists to compute the reciprocal image of a compact set called subpaving. The set-inversion algorithm SIVIA (Set Inversion Algorithm Via Interval Analysis [25] , [27] ) allows us to approximate with subpavings the set solution Θ described by (18) . This approximation is realized with an inner and outer subpavings, denoted by Θ and Θ, respectively, such that Θ ⊂ Θ ⊂ Θ. The subpaving Θ corresponds to the parameter vector for which the problem (18) holds. If Θ = ∅, then it is guaranteed that no solution exists for (18) . If a solution Θ exists, it is guaranteed that any parameters ([h dp ] and [h dm p ]) inside this set will satisfy the desired specifications in (17) .
In many problems (signal estimation, control design,. . .) [25] , [26] [30]- [32] , interval tools, in particular the SIVIA algorithm, have been demonstrated theoretically and with experiments to guarantee the efficiency of the solution, if this exists. This is one of the major advantages of interval techniques and tools. In our case, if the solution Θ exists, it is guaranteed that the unimorph actuator with parameters within this solution will satisfy the specifications.
We give in Table III the recursive SIVIA algorithm used to solve the design problem of piezocantilevers (18) In the most cases, we are interested to compute an inner subpaving Θ because it is guaranteed that Θ is enclosed in the Θ, i.e., Θ ⊂ Θ. When no inner subpaving exists, i.e., Θ = ∅, it is possible to choose parameters inside the outer subpaving, i.e., choose θ ∈ Θ.
V. NUMERICAL CALCULATION, PROTOTYPE FABRICATION, AND EXPERIMENTAL VERIFICATIONS
This section is devoted to the numerical calculation, the fabrication of a prototype, and the experimental validation.
A. Materials
First, we present here the materials that compose the layers of the existing unimorph. The piezoelectric material used is based on PZT (lead zirconate titanate) commercially available (from Physike Instrumente (PI) company). The passive layer is based on Nickel material from Goodfellow company. The same materials will be employed to develop the designed unimorph A u 2 . The product of reference "EPO-TEK H22" from PI is used to glue the piezoelectric and passive layers and to form the new PZT-Nickel unimorph piezocantilever. This is a thermal glue with which the gluing is performed at 120
• C during 12 h. With this procedure, we have a very thin film and a robust interface between the two materials. If the glue layer is not thin enough, its thickness will affect the behavior (resonant frequency and range of deflection) of the unimorph structure. Table IV 
Finally, the width of the unimorph A u 2 , which is considered equal to the width of the unimorph A u 1 , is w = 1mm. Now, we solve the problem (18) with the two remaining unknown parameters [h dp ] and [h dm p ].
B. Solving the Set-Inversion Problem
The problem (18), using the above numerical values, has been solved using an initial box [h dp ] 0 × [h dm p ] 0 = [10, 640] × [10, 640] and an accuracy = 1μm. The solving has been done with the SIVIA algorithm (see Table IV ). Fig. 4 pictures the results from the algorithm. In this figure, the area S 1 corresponds to the guaranteed solution (inner subpaving Θ), i.e., the set h dp × h dm p of the wanted unimorph A u 2 that satisfies the specified performances. Any choice of h dp and h dm p inside the subpaving Θ ensures the inclusions given in (18) . The area S 2 corresponds to ΔΘ and contains the boxes for which no decision can be taken, such that Θ = Θ ∪ ΔΘ. ΔΘ can be minimized by increasing the computation accuracy. Finally, the area in S 3 corresponds to the parameters [h dp ] and [h dm p ] for which it is guaranteed that the inclusions (18) do not hold.
C. Fabrication of the Unimorph and Experimental Verifications
S 1 region in Fig. 4 depicts a set of solution of h dp × h dm p with which a unimorph piezocantilever will satisfy the specifications in Section IV-B. In order to demonstrate the efficiency of the approach, a prototype of unimorph having dimensions within this set solution is fabricated. We choose
h dp = 200 μm h dm p = 100 μm w = 1 mm.
Fig. 5(a) presents a photograph of the fabricated unimorph piezocantilever.
To check the performances, a static and a harmonic analysis hs been carried out with the fabricated unimorph A u 2 and with the existing unimorph piezocantilever A u 1 . A comparison and discussion on their performances were afterward done. Fig. 5(b) pictures the experimental setup which is composed of the following: 1) a unimorph piezocantilever; the existing unimorph A u 1 and the designed unimorph A u 2 are characterized with this same setup; 2) an optical sensor (from Keyence company) with resolution of 10 nm and which is used to measure the deflection of the piezocantilevers; 3) and a dSPACE acquisition board and a computer to generate the input voltage and to acquire the measurements. The first experiment consists in evaluating the range of deflection (static characteristic) of the actuators. For that, a sine input voltage U is applied to the actuators and the resulting output deflection δ is reported. The range can be evaluated from the plot of δ versus U . As this experiment concerns the static characteristic, the frequency f of the sine input voltage should be low. In fact, if we increase the frequency, the dynamics of the actuators will affect the resulting (U, δ)-curve and then the static characteristic can not be anymore evaluated due to the phase lag. For the considered actuators, a sine voltage of frequency f = 2 Hz was convenient. The amplitude is U = 40 V. This sine voltage was applied to the unimorph A u 1 , and then to the unimorph A u 2 . Fig. 6(a) depicts the deflection of the designed unimorph A u 2 versus the voltage U . Then, the second experiments consist in performing a harmonic analysis. The aim is to characterize the first resonant frequencies of the unimorphs. Fig. 6(b) depicts the results obtained with the designed unimorph A u 2 . Table V summarizes the results of characterization of both unimorph piezocantilevers. In the table, both simulation and experimental results are reported. From this table, the maximum deflection of the designed unimorph A u 2 (in excess of 10μm) and its resonant frequency (in excess of 1600Hz) are higher than those of the unimorph A u 1 (about 8 μm and 960 Hz, respectively). Also, the geometrical dimensions of the unimorph A u 2 are strictly less than those of the unimorph A u 1 . This confirms that the specifications are ensured. We can see from the table a slight difference between the simulation results and the experimental results, in particular for the designed actuator A u 2 . This difference may be due to the thickness of the glue used to interface the piezoelectric material and the passive material. Although this slight difference, the experimental results confirm and demonstrate the efficiency of the approach. These experimental and simulation results confirm the proposed approach to design the piezoelectric actuator.
Remark 2: It is possible to design other kinds of piezoelectric actuators with the proposed approach, like bimorph piezocantilevers. A bimorph piezocantilever provides a larger deflection compared to that of a unimorph when the same voltage is applied. However, bimorph piezocantilevers present more complex electric connections and are difficult to fabricate. The fabrication simplicity of unimorph piezocantilevers makes them widely used in the precise positioning. This is why the example carried out in this paper concerns unimorph actuators.
Remark 3: The technique proposed in this paper can also be used to other kinds of actuators (different from piezoelectric actuators), or even to nonactuated structures. As long as a physical and geometrical model is available, the technique consists in combining the model with interval techniques which can be afterward solved thanks to a set-inversion algorithm.
Remark 4: In this paper, the performances used for the design were the range of displacement and the first resonant frequency. It is however possible to apply the proposed design methodology with other kinds of performances, for instance with the accuracy or with the resolution. Finally, an interesting problem consists in designing an actuator yet in a feedback control scheme having a given controller. In this case, the problem comes back to the design of the actuator such that the closed-loop possesses some desired performances like tracking accuracy, limited input voltage, settling time, overshoots.
VI. CONCLUSION
This paper presented the design of piezoelectric actuators by using interval techniques. The main goal was to redesign an existing piezoelectric actuator (unimorph) in order to have a new unimorph actuator having smaller sizes but that would provide better performances. The problem was formulated as a set-inversion problem that was solved using interval techniques. The main advantage of the proposed approach is the guarantee of the performances if solution exists. Fabrication of a prototype and experimental characterization confirmed the efficiency of the proposed approach. The paper described as illustrative example the design of unimorph piezoelectric actuators, but the approach can be applied to other kinds of actuators subjected that their physical/geometrical models are available.
